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ABSTRACT: The inclusive production of jets in the central region of rapidity is studied
in kp—factorization at next—to—leading order (NLO) in QCD perturbation theory. Calcu-
lations are performed in the Regge limit making use of the NLO BFKL results. A jet
cone definition is introduced and a proper phase—space separation into multi-Regge and
quasi-multi-Regge kinematic regions is carried out. Two situations are discussed: scat-
tering of highly virtual photons, which requires a symmetric energy scale to separate the
impact factors from the gluon Green’s function, and hadron—hadron collisions, where a
non—-symmetric scale choice is needed.
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1. Introduction

The understanding of the physics behind jet production in the context of perturbative QCD
is an essential ingredient in phenomenological studies at present and future colliders. At
high energies the theoretical study of multijet events becomes an increasingly important
task. In the context of collinear factorization the calculation of multijet production is
complicated because of the large number of contributing diagrams. There is, however,
a region of phase space where it is indeed possible to describe the production of a large
number of jets: the Regge asymptotics (small-x region) of scattering amplitudes. This
corresponds to the case where the center—of-mass energy in the process under study, s,
can be considered asymptotically larger than any other participating scale. In this limit
the dominating diagrams are those with gluons being exchanged in the t—channel. A
perturbative analysis of these diagrams shows that it is possible to resum contributions
of the form (asIns)” to all orders, with ;s being the coupling constant for the strong
interaction. This can be achieved by means of the Balitsky—Fadin—-Kuraev-Lipatov (BFKL)
equation [fl].

An essential ingredient in the BFKL approach is the concept of the Reggeized gluon
or Reggeon. In Regge asymptotics colour octet exchange can be effectively described by a



t—channel gluon with its propagator being modified by a multiplicative factor depending on
a power of s. This power, also known as gluon Regge trajectory, depends on the transverse
momenta of the gluon and is not infrared finite. However, when real emissions are included
using gauge invariant Reggeon—Reggeon—gluon couplings, the divergences cancel out. It
is then possible to describe scattering amplitudes with any number of particles (jets) in
the final state. The (asIns)" resummation is known as leading-order (LO) approximation
and provides a simple picture of the underlying physics. Nevertheless it is not free of
drawbacks, the main two being that, at LO, both a4 and the factor scaling the energy s
in the resummed logarithms, sg, are free parameters not determined by the theory. These
limitations can be removed if the accuracy in the calculation is increased, and next—to—
leading (NLO) terms of the form aj (asIns)” are taken into account [F]. When this is
done, diagrams contributing to the running of the coupling have to be included, and also
so is not longer undetermined. As an example, in the context of Mueller—Navelet jets,
the introduction of NLO effects in the kernel has been recently shown to have a large
phenomenological impact, in particular, for azimuthal angle decorrelations [3].

At LO every Reggeon—Reggeon—gluon vertex corresponds to one single gluon emis-
sion, and the produced gluon can form a single jet. At NLO the situation is more
complicated since the emission vertex also contains Reggeon—Reggeon—gluon—gluon and
Reggeon—Reggeon—quark—antiquark contributions. In the present work we are interested
in the description of the inclusive production of one jet in the BFKL formalism at NLO.
This means that the relevant events are those with only one jet produced in the central
rapidity region of the detector. In order to find the probability of production of a single
jet it is necessary to introduce a jet definition in the emission vertex. This is simple at
LO, but at NLO we should carefully study the possibility of a double emission in the same
region of rapidity, leading to the production of one or two jets. This will be the main goal
of the present paper. Our aim is to clearly separate the different contributions to the cross
section, and to explain in detail which scales are relevant. Particular attention is given to
the separation of multi—-Regge and quasi—-multi—-Regge kinematics. An earlier analysis has
been presented in ref. [l]. We have independently repeated these calculations, and we have
found several discrepancies which will be explained in the text.

Our analysis will be done in two different cases: inclusive jet production in the scat-
tering of two photons with large and similar virtualities, and in hadron—hadron collisions.
In the former case the cross section has a factorized form in terms of the photon impact
factors and of the gluon Green’s function which is valid in the Regge limit. In the latter
case, since the momentum scale of the hadron is substantially lower than the typical kr
entering the production vertex, the gluon Green’s function for hadron—hadron collisions has
a slightly different BFKL kernel which, in particular, also incorporates some kr—evolution
from the nonperturbative, and model dependent, proton impact factor to the perturba-
tive jet production vertex. We provide analytic formulae for these two processes, and the
numerical analysis is left for a future publication.

In the case of hadron—hadron scattering, our cross section formulse contains an un-
integrated gluon density which, in addition to the usual dependence on the longitudinal
momentum fraction typical of collinear factorization, carries an explicit dependence on



the transverse momentum kp. This scheme is known as kpr—factorization. So far, no sys-
tematic attempt has been made to generalize this framework beyond LO accuracy. In
the small-x region, where this type of factorization has attracted particular interest, the
BFKL framework offers the possibility to formulate, in a systematic way, the generalization
of the kpr—factorization to NLO. We therefore interpret our analysis also as a contribution
to the more general question of how to formulate the unintegrated gluon density and the
kr—factorization scheme at NLO: our results can be considered as the small-x limit of a
more general formulation.

After this short introduction, in section P we define, closely following ref. [f], our
notations for the description of a general cross section in the BFKL approach. We also
introduce multi-Regge kinematics (MRK) and the iterative structure of the cross sections
at LO. In section ] we describe the basic elements contributing at NLO. The linearity of
the BFKL equation remains the same while the emission kernel now has several pieces
such as virtual contributions to one gluon emission and double emissions. We describe
them in some detail, including a procedure to avoid double counting when the MRK is
separated from the quasi-multi-Regge kinematics (QMRK). The discussion of inclusive jet
production starts with a LO description in section . Following this introductory part, we
present, in section [}, a definition of the NLO jet vertex. We separate the different regions
of phase space in such a way that the cancellation of infrared divergences is explicit for
the two cases above—mentioned: inclusive jet production in v*y* and in hadron—hadron
interactions. We will also discuss the definition of a NLO unintegrated gluon distribution
valid in the small-z regime. To close we study in section f] the réle of the scale separating
MRK from QMRK and show how, even with the jet definition, it is possible to prove that
the dependence on this scale is power suppressed. Finally, we draw our Conclusions and
suggest future lines of research.

2. General structure of BFKL cross sections

For the sake of clarity, in the present section we introduce the notation we will follow in
the rest of this study. BFKL cross sections present a factorized structure in terms of a
universal Green’s function, which carries the dependence on s, and impact factors, which
have to be calculated for each process of interest. This factorization remains unchanged
in the transition from LO to NLO. We start by defining our normalizations at LO in the
following,.

Lets consider the case of the total cross section oap in the scattering of two particles
A and B. It is convenient to work with the Mellin transform

Flw,s0) = /:O ds <i>w OAB, (2.1)

o S S0

acting on the center—of-mass energy s. The dependence on the scaling factor sy belongs
to the NLO approximation since the LO calculation is formally independent of sg.

If we denote the matrix element for the transition A+B — A+B+n produced particles
with momenta k; (1 = 1,...,n) as Az 4> and the corresponding element of phase space
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Figure 1: Notation for particle production in MRK.

as d®zg,,, then we can write

1 2
o =502 [ dBig il Asaal® (2.2)
n=0

As we mentioned in the Introduction we are interested in the Regge limit where s is
asymptotically larger than any other scale in the scattering process. In this region the
scattering amplitudes are dominated by the production of partons widely separated in
rapidity from each other. This particular configuration of phase space is known as multi—
Regge kinematics (MRK). In MRK produced particles are strongly ordered in rapidity but
there is no ordering of the transverse momenta which are only assumed not to be growing
with energy.

We fix our notation in figure [ ¢; correspond to the momenta of those particles ex-
changed in the ¢t—channel while the subenergies s;—1;, = (ki1 + ki)2 are related to the
rapidity difference between consecutive s—channel partons. Euclidean two—dimensional
transverse momenta are denoted in bold. For future discussion we use the Sudakov decom-
position k; = a; pa + B; pe + ki | for the momenta of emitted particles.

In MRK the center—of—mass energy for the incoming external particles can be expressed
in terms of the internal subenergies as

n+l n n+1
5~ [H sil,i] Ll_[l kf] ~\/aiq?,, H \/Kl (2.3)

=1

where we have used the fact that in Regge kinematics s is much larger than —t¢ and,
therefore, ag ~ Bpi1 ~ 1, k2 ~ q1 and k? 1 qn +1- To write down the measure of phase
space we use dimensional regularization with D =4 + 2¢, i.e.

n+1 _9

dsz 1,3 q;

ds d® ; =2 .
5 AT AB4n = WHQSZ 1 (2m)P—1

(2.4)



The matrix element Az of eq. (R.2) can be written in MRK in the factorized form

A Tl (sim1 )\ 1 [ Spne1 )"
5, —14 11 ( . ) Y(¢i, ¢i+1) q2—<—> I, (2.5)

2
i—1 4 n+1 SR

with I'p being the couplings of the Reggeon to the external particles, w; = w(q?) the gluon
Regge trajectory depending on the momentum carried by the Reggeon, and v(g;, gi+1) the
gauge invariant effective Reggeon—Reggeon—gluon vertices. At LO the scale sp is a free
parameter.

Gathering all these elements together it is possible to write the Mellin transform of

eq. (B1) as the sum
Flw,s0) = Y F™(w, s0), (2.6)
n=0

with the contributions from the emission of n s—channel gluons being

—w
1 .
F(w, s0) _ s g0-2 dsi—1; [ Si—1 2 Si—1,
(2r)2-D H RPN s fe2 1.2
im1 i—1,3 R ki—lki
w
s Py - P
X 0 (;h) HKT(qiaqi+1) 7B(Qqn+1)- (2.7)
\/ aiqaz a i=1 A1

The impact factors ®p and the real emission kernel for Reggeon—Reggeon into a s—channel
gluon K, can be written in terms of the square of the vertices I'p and =, respectively.
The kernel K, (q;, q;+1) is defined such that it includes one gluon propagator on each side:
(q?qgﬂ)_l. The integration over s;_1; in eq. (P.7) takes place from a finite s to infinity.
At LO terms of the form w In k? or w; In s can be neglected when the integrand is expanded

in . Therefore, at this accuracy, eq. (R.4) gives

(2m)2—D w—2w;| q nt1

-7:(")((41,80) :/ [n—f—l dD_qu ] <I>A(q1)

n P .
H’CT(qi7qi+1)] Ma (28)
i=1 i=1 q

where the poles in the complex w—plane correspond to Reggeon propagators. This simple
structure is a consequence of the linearity of the integral equation for the gluon Green’s
function. We will see below that eq. (R.§) holds very similarly at NLO. This fact has been
useful in the study of different NLO BFKL cross sections using numerical techniques in
recent years (see ref. [f]).

After this brief introduction to the structure of BFKL cross sections and its iterative
expression we now turn to the NLO case. The factorization into impact factors and Green’s
function will remain, while the kernel and trajectory will be more complex than at LO. We

discuss these points in the next section.



3. Different contributions at NLO

To discuss the various contributions to NLO BFKL cross sections we follow ref. [{]. We
comment in more detail those points which will turn out to be more relevant for our later
discussion of inclusive jet production. Our starting point are eqs. (2.1) to (R.4), which
remain unchanged. Since at NLO the sp scale is no longer a free parameter, we should

modify eq. (2.§) to read

Ay (s |
AB+4n _ SR 0, 1 H _2 ( i—1,3 > ,Y(sRﬂ,l’i,SR;i,i«H)(qi’ qi-l—l)
Z

2s i1 SR;i—1,i
1 S 1 Wn+1 ‘
o Znntl r{srnntt) (3.1)
qn+1 SRn.n+1

The propagation of a Reggeized gluon with momentum ¢; in MRK takes place between two
emissions with momenta k;_; and k; (see figure [[). Therefore, at NLO, the term sz, which
scales the invariant energy s;_1;, does depend on these two consecutive emissions and, in
general, will be written as sg;;—1,. It is important to note that the production amplitudes
should be independent of the energy scale chosen and, therefore,

“1 Yn41

2 2
(sr;0,1) __ (8%.0,1) [ SR;0,1 (SRyn,n+1) (S/R;n,n+1) SRin,n+1
FA = FA 5'— , FB = FB 8/7 (3.2)
R;0,1 Rin,n+1

for the particle-particle-Reggeon vertices and

vi—1,isSRsi,i -
SRi-tasRai) (g qig) = ACRi1e i) (g;, giaq)

w; Wit
2 2
SRyi—1,i SRyii+1
x| = (3.3)
Ryi—1,1 R,z,z-‘,—l

for the Reggeon—Reggeon—gluon production vertices.

At NLO, besides the two—loop corrections to the gluon Regge trajectory, there are
four other contributions which affect the real emission vertex. The first one consists of
virtual corrections to the one gluon production vertex. The second stems from the fact
that in a chain of emissions widely separated in rapidity two of them are allowed to be
nearby in this variable, this is known as quasi-multi-Regge kinematics (QMRK). A third
source is obtained by perturbatively expanding the Reggeon propagators in eq. (B.1) while
keeping MRK and every vertex at LO. A final fourth contribution is that of the production
of quark—antiquark pairs. The common feature of all of these new NLO elements is that
they generate an extra power in the coupling constant without building up a corresponding
logarithm of energy so that a; (as1Ins)"™ terms are taken into account.

With the idea of introducing a jet definition later on, it is important to understand
the properties of the production vertex which we now describe in some detail.

Lets start with the virtual corrections to the single—gluon emission vertex. These are
rather simple and correspond to eq. (R.§) with the insertion of a single kernel or impact



factor with NLO virtual contributions (noted as (v)) while leaving the rest of the expression
at Born level (written as (B)). More explicitly:

‘Fx(llr)tual(w7 80) _ / ﬁ dD72qi
(2r)2-D (W — 2w;)
(

i=1
o' (q1) [ 5 (1)
X{AT HKﬁB)(Qi7Qi+1) Bq27+
1 i=1 n+1

oY (qy)

_|_
a?

n (B)
%5 (an
H KB (q;, %‘H)] M
i=1 Qi1

P(a) &

+%72q2

K@ (q;,q511)
q7 =

7—1
[T €® (@i, i)

i=1

n

(B)
5 (dn
< | TT €% (ai qi) | B gq H)}. (3.4)

i=j+1 Q41

Now we turn to the discussion of how to define QMRK. For this purpose the intro-
duction of an extra scale is mandatory in order to define a separation in rapidity space
between different emissions. As in ref. [J] we call this new scale s5. At LO MRK implies
that all s;; = (k; + kj)Q are larger than sp. In rapidity space this means that their rapidity

difference |y; — y;| is larger than In —22 =. As we stated earlier, in QMRK one single pair

P55
of emissions is allowed to be close in rapidity. When any of these two emissions is one

of the external particles A or B it contributes as a real correction to the corresponding
impact factor. If this is not the case it qualifies as a real correction to the kernel. This
is summarized in the following expression where we write real corrections to the impact
factors as (r):

fglJrl) (w, s0)
e =

(B) n (
¢, (a qn
y { Aqg ) {1 ><qz,q@+1>] % (Qui1)
1 i=1 n+1
‘p(f()((h) = ‘I)(B)(Qnﬂ)
+—A5= | [P @iy qin) | 25
aj ZI;II ( +) q%+1

¢<B>

+ = Z H/C( (a4, qi+1) | Kourk (95, q;j+1)

n (I)(B) an
< | ] £%(aiair1) 735 ) | (3.5)
i=j+1 Dn+1

The modifications due to QMRK belonging to the kernel or to the impact factors are,



respectively, Komrk and @g), ie.
. IrRORR—GG(3) O(sA — 3)
Koumrk (a4, qis1) = (N2 — 1)/d8 , (3.6)
2m)P i of,
r I . 3)6 — 8
o (k) = \/W/dg PROPR écgs) sa = 8). (3.7)
) S

In both cases § denotes the invariant mass of the two emissions in QMRK. The Heaviside
functions are used to separate the regions of phase space where the emissions are at a
relative rapidity separation smaller than sy. It is within this region where the LO emission
kernel is modified. orr_.cg and opr_.pc are the total cross sections for two Reggeons
into two gluons, and an external particle and a Reggeon into an external particle and a
gluon, respectively. I stands for the invariant flux and N, for the number of colours.

For those sectors remaining in the MRK we use a Heaviside function to keep s;_1,; > sa,
in this way MRK is clearly separated from QMRK. We then follow the same steps as at
LO and use eq. (R.7) with the modifications already introduced in eq. (B.1), i.e.

Fyink (@, 50)
(2m)2-D
—w

n+2 dsi 1 { si_1q \2“ Si 14

:/ H dD72qi 'Z— ,'z < Zf 7Z‘> i—1,2 9(31‘—1,@‘ _ SA)
=1 Si—1,i SRyi—1,i /k?flk?
w
(B) n+1 (B)
50 P, (a1) Py (dnt2)
x 4 2 HKﬁB)(qZ’qlJrl)] B 5 ~ . (38)
\/ q%qiﬁ ar i=1 n-+2

After performing the integration over the s;_;; variables the following interesting depen-
dence on sy arises:

fﬁﬁé)(w,s(ﬂ _/ ﬁ dP2q; ( SA >2wi SA
D o “
(2m) = (w — 2w;) SRyi—1,i /k?flk?
“ n+1
50 @543)(011) i ] ‘I)SBB)(%H)

" g |17 @) | =25 (3.9)
\/qlTn—f—Z 1 i=1

n+2
It is now convenient to go back to eq. (R.1]) and write the lower limit so of the Mellin
transform as a generic product of two scales related to the external impact factors, i.e.
50 = \/30;4 50,8- By expanding in o, the factors with powers in w and w; it is then possible
to identify the NLO terms:

—w

X

1 2 _ B 1 B
-7:15?;{1()(“)730) _/ 7ﬁ dP~2q; ‘I)Eax )(Ch) 7ﬁ IC(B)(q Qis1) <I>§9 )(Qn+2)
_ - 79 M1
(2m)*-P = (W= 2w) qaf el 2
w s s Gang Iy s s
x{1—=1In—22 + wiln A Zln A ln A
{ 2 k%SO;A 5%{;0,1 ; 2 kzz—lkzz ' 5%«2;2‘71,2‘
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w S S
— —11'127A —|—wn+2 11127/\ . (310)
2 kyyis0B SRin+1,n+2
To combine this expression with that of the QMRK contribution we should make a choice
for sg. The most convenient one is sg.;; = /Sr: Sgr;j, Where for intermediate Reggeon
propagation we use sg.; = k?, and for the connection with the external particles sr.0 = 50,4
and sg.,4+2 = so,8. We can then write

n+1 n+2 _ B n+1 B
Al = Tty | 2 [T @ | e
(2m)2-P L1 (w—2wy) a? e ’ 2 12
n+1
(w—2w1) s3 i (w —2w;) s3
1— 1 — 1
X{ 2 Ksoa ZQ 2 KK
(W — 2wpy2) 53
— In . 3.11
2 k%HSO;B ( )

This corresponds to the LO result for F*+1 plus additional terms where the w — 2w; factor
cancels, in such a way that they can be combined with the LO result of F(™),

The quark contribution can be included in a straightforward manner since between the
quark—antiquark emissions there is no propagation of a Reggeized gluon. In this way one

can simply write

(n+1) n _
Fog Ws0) _ / HoaP2q; | 80 (@) 25 (ani)
(2m)2—P L (w = 2wy) qf i

n [j—

1 n
< > ATTEP (@ qiva) | Kgglag,aie1) | [T €2 (aiqirn) |- (3.12)
i=1 Liz1

i= i=j+1
The production kernel can be written as
IrR ORR—QQ(5)
Kos(qi,qit1) = (N2> —1 /d§ , 3.13
Qo 1) = (N ) (2m)P af afy, (319)

with opp_,og being the total cross section for two Reggeons producing the quark—antiquark
pair with an invariant mass §.

The combination of all the NLO contributions together generates the following expres-
sion for the NLO cross section:

[e'e) 1 n+1 dD_qu
f(w’so)AB:ZW/ Hm
n=0 i=1 v
D 4(q1; 50,4) |1 ®p(An+1; S0,B
X# H’CT(QZ',QZ'JA) #’ (3.14)
q] i=1 anrl

where the NLO real emission kernel contains several terms:

K (disgit1) = (’QQB) + KﬁNLO)) (9, Qit1)



= (IC&B) + KM + Kae + /CQQ) (i, Qit1), (3.15)

with Ky given by eq. (B13). The two gluon production kernel Kgg is the combination
of Kqurk of eq. (B.6) and the MRK contribution in eq. (B.11)). It explicitly reads

JrRRORR—GG(5)8(sA — 3)
Kao(qi, qiv1) = (N2 — 1)/d8
" (2m)P qzz qzerl

1 A
_ dD—2~ ’C7(*B) i) 0 ’CT(,B) Q, Qi —In < — A — > . 3.16
[ 472 K @ K @ ) 5 o (g (316)

Below we will show that when s is taken to infinity the second term of this expression
subtracts the logarithmic divergence of the first one. When computing the total cross
section it is natural to remove the dependence on the parameter s, in this way. For our
jet production cross section, however, we prefer to retain the dependence upon sy .

For the impact factors a similar expression including virtual and MRK corrections as

in eq. (B.7) arises:

v v )0 _ 3
Op(arisop) = O + @ +/NZ—1 / a5 1eR ffpfés) (52— 3)

) s
- [era e @ @anyn (—2—). @)
2 (q1 — @)?so;p

From this expression it is now clear why to choose the factorized form so = /50,4 So;5: in
this way each of the impact factors ® 4 p carry its own sp,4,p term at NLO independently
of the choice of scale in the other.

To conclude this section, for the sake of clarity, the different contributions to the NLO
BFKL kernel

CONTRIBUTION NUMBER OF EMISSIONS figure
MRK @ LO n (a)
Virtual n (b)
QMRK n+1 (c)
MRK @ NLO n+1 ()
Quark—antiquark pair n+1 (e)

are pictorially represented in figure [,

As a final remark we would like to indicate that the divergences present in the gluon
trajectories w; (see ref. [f]) are all cancelled inside the inclusive terms. We will see how
the soft and collinear divergences of the production vertex are either cancelled amongst its
different components or are regularized by the jet definition.

After having introduced the notation and highlighted the different constituents of a
BFKL production kernel at NLO, in the coming section we describe how to calculate the
inclusive production of jets in two different environments. The first one is the case of the
interaction between two small and perturbative objects, highly virtual photons, and the
second will be the collision of two large and non—perturbative external particles such as
the ones taking place at hadron—hadron colliders.

,10,
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Figure 2: Contributions to real emission kernel at LO (a) and NLO (b-e).

4. Inclusive jet production at LO

As MRK relies on the transverse scales of the emissions and internal lines being of the same
order it is natural to think that processes characterized by two large and similar transverse
momenta are the ideal environment for BFKL dynamics to show up. Moreover, as the
resummation is based on perturbative degrees of freedom, these large scales associated to
the external particles should favor the accuracy of the predictions. An ideal scenario
is the interaction between two photons with large virtualities Q%,Q in the Regge limit
§>> |t| ~ Q% ~ Q%. The total cross section for this process has been investigated in a large
number of papers in recent years. Here we are interested in the inclusive production of a
single jet in the central region of rapidity in this process. We will consider the case where
the transverse momentum of the jet is of the same order as the virtualities of the photons.

As a starting point we review single jet production at LO accuracy. As usual the total
cross section can be written as a convolution of the photon impact factors with the gluon
Green’s function, i.e.

kob 0+ duy [ s\¥
dpk — | — ka, kp). 4.1
/27Tk2 27Tk2 ka) ®p(le) /51-00 21 (S()) folka ky) (4.1)
A common choice for the energy scale is sy = |kq| |ky| which naturally introduces the

rapidities y ; and yp of the emitted particles with momenta p ; and pp since

(i) _ o Wi-vs) (4.2)

S0

Let us remark that a change in this scale can be treated as a redefinition of the impact
factors and, if sg is chosen to depend only on k, or only on kg, the kernel as well. This
treatment lies beyond LO and will be discussed in the next section. The gluon Green’s

function f, corresponds to the solution of the BFKL equation

wfo(ka, ky) = 6% (ke — ky) + /d2k K(kq, k) fo(k, kp), (4.3)

K(ks k) = 2w(k?) 6%(k, — k) + K, (kq, k), (4.4)

where the kernel K contains a term related to the Reggeized gluon propagator, the trajec-
tory w(k?), and the real emission kernel, KC,.
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Figure 3: Total cross section and inclusive one jet production in the BFKL approach.

For the inclusive production of a single jet we assign to it a rapidity y; and a trans-
verse momentum ky, as shown in ﬁgure H. In this way, if k; = aypa + Bsps + ko the

corresponding rapidity is yy = 1 ln . Using its on—shell condition we can write
k2 k%
ky= —Jey’pA+\/—€ Yppt+kyi. (4.5)
S S

It is possible to single out one gluon emission by extracting its emission probability
from the BFKL kernel. The differential cross section in terms of the jet variables can then
be constructed in the following way:

do &k, [ &%k,
_ o) ik
a2k ;dy; /27rk2/27rk2 5 (ko)
o+ico gy (s “
/dQQa/dZQb/ 2 < AJ) fw(kaaQa)
F) T S0

d+ioo du’ SBJ w’
X V(qa,qb;kJ,yJ)/ 2—< 7 ) for(—ap, —kp)  (4.6)
d—i00 ™

50

with the LO emission vertex being

V(das av; k7, 95) = KPP (qa, —ap) 0@ (qq + a5 — k). (4.7)

By selecting one emission to be exclusive we have factorized the gluon Green’s function
into two components. Each of them connects one of the external particles to the jet vertex.
In the notation of eq. (.§) the energies of these blocks are

sas =(pa+ @), sp; =(pB + ¢a)”- (4.8)
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In a symmetric situation, where the jet provides a hard scale as well as the impact factors,
a natural choice for the scales is similar to that in the total cross section

so =|ka| [k, so =kJ| [ka|- (4.9)

These choices can now be related to the relative rapidity between the jet and the external
particles. To set the ground for the NLO discussion of the next section we introduce an
additional integration over the rapidity 7 of the central system:

do
—— = [ dq, [ & /d
Pk dy; / q/ Rl Bl
k

d2 +ico g, ( :
4 & wlya—n .
- |:/ 27Tkg (I)A(ka)/5 © fw(ka,qa):| V(Qa,Qbﬂ% kJayJ)

ico 2mi

d2kb d+ioco do’

—— dp(k = Y £ (—qp, —k 4.1
X [/ 271 B( b)/é—ioo 57 fo(—ap, —kp)| (4.10)

with the LO emission vertex being

V(s a1 k7, 97) = KB (qa, —ap) 0P (qa +ap — k) 5(7 — ). (4.11)

Egs. (.10) and ({.11)) will be the starting point for the NLO jet production in the symmetric
configurations.

Let us now switch to the asymmetric case. In general we can write g, and ¢, as

da =0aPA + BaPB + Gal b =oupa + BepB + Q1 - (4.12)

The strong ordering in the rapidity of emissions translates into the conditions a, > «y
and G, > [,. This, together with momentum conservation g, + ¢, = kj, leads us to
oy =0q+ R Qq, By = Pa+ 0y = fp and

sAg =07s, SBJ =QjS. (4.13)

While the longitudinal momentum of ¢,(gs) is a linear combination of p4 and pp we see
that only its component along p4(pp) matters.

If the colliding external particles provide no perturbative scale as it is the case in
hadron—hadron collisions, then the jet is the only hard scale in the process and we have
to deal with an asymmetric situation. Thus the scales sy and s}, should be chosen as k?]
alone. At LO accuracy sq is arbitrary and we are indeed free to make this choice. Then
the arguments of the gluon Green’s functions can be written as

sag _ 1 sps _ 1 (4.14)
S0 Qq so DBb
The description in terms of these longitudinal components is particularly useful if one is
interested in jet production in a hadronic environment. Here one can introduce the concept
of unintegrated gluon density in the hadron. This represents the probability of resolving a
gluon carrying a longitudinal momentum fraction z from the incoming hadron, and with
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a certain transverse momentum kp. With the help of eq. (f.14) a LO unintegrated gluon
distribution g can be defined from eq. ([..4) as

d2q d+ioco dw W
sad) = [ gL wnt@ [ SEa L@k, (415)

Then we can rewrite eq. ([.§) as
do
——— = [ d%’q, [ d d? / d
d?kydy,; / 4 / wl/ ) o
X g

with the LO jet vertex for the asymmetric situation being

(71,4a)9(x2, qp)V(Aa, 1, b, T2 kg, y5),  (4.16)

V(Aa, 21, b, 22; k7, y7) = KB (Qa, —ap)

k> k2
x 0% (qq + @y —ky) 0 [ 21 — ?Jey" 6| z2 — ?‘]e—y" . (4.17)

Having presented our framework for the LLO case, in both v*4* and hadron—hadron colli-
sions, we now proceed to explain in detail what corrections are needed to define our cross
sections at NLO. Special attention should be put into the treatment of those scales with

do not enter the LO discussion but are crucial at higher orders.

5. Inclusive jet production at NLO

A similar approach to that shown in section ] remains valid when jet production is consid-
ered at NLO. The crucial step in this direction is to modify the LO jet vertex of eq. (4.11)
and eq. (.17) to include new configurations present at NLO. We show how this is done
in the following first subsection. In the second subsection we implement this vertex in
the symmetric v*y* case, and we repeat the steps from eq. (fL1) to eq. (f.13), carefully
describing the choice of energy scale at each of the subchannels. In the third subsection
hadron—hadron scattering is taken into consideration, and we extend the concept of unin-
tegrated gluon density of eq. ([l.1I5) to NLO accuracy. Most importantly, it is shown that
a correct choice of intermediate energy scales in this case implies a modification of the
impact factors, the jet vertex, and the evolution kernel.

5.1 The NLO jet vertex

For those parts of the NLO kernel responsible for one gluon production we proceed in
exactly the same way as at LO. The treatment of those terms related to two particle
production is more complicated since for them it is necessary to introduce a jet algo-
rithm. In general terms, if the two emissions generated by the kernel are nearby in
phase space they will be considered as one single jet, otherwise one of them will be iden-
tified as the jet whereas the other will be absorbed as an untagged inclusive contribution.
Hadronization effects in the final state are neglected and we simply define a cone of ra-
dius Ry in the rapidity—azimuthal angle space such that two particles form a single jet if
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Ris = \/(qSl — ¢2)? + (y1 — y2)? < Rp. As long as only two emissions are involved this is
equivalent to the kp—clustering algorithm.

To introduce the jet definition in the 2 — 2 components of the kernel it is convenient
to start by considering the gluon and quark matrix elements together:

(Kaurk + Kqgq) (das —ap) = /dD2k2/dy2
X ( | A2y (Qa, b, k1, k2)[* 0(s4 — 512) + | A2g(dla, b, K1, k2)|2>, (5.1)

with Asp being the two particle production amplitudes of which only the gluonic one also
contributes to MRK. This is why a step function is needed to separate it from MRK.
Momentum conservation implies that ky = q, + qp — ko.

The expression (p.1) is not complete as it stands since we should also include the MRK
contribution as it was previously done in eq. (B.14):

(Kee + Kog) (o —a) = / Pk, / dys |B(da, dp. ki1, ko)
:/dD_QkQ/dyQ { !A2g(qa7Qb7k1,k2)\2 O(sa — s12)

1 k2
— KB (qu,qq — k1) KB (qq — k1, —qp) 3 0 (hl % - y2> 6 <y2 —In S—i)
5

+ |A2q(qaaqbak1,k2)|2 } (52)

We are now ready to introduce the jet definition for the double emissions. The NLO

versions of eq. ([11]) and eq. (J.17) then read, respectively,

[v]
(a)

[v]
[ 7 dy 1B v s — Ko e OB — F)| !
[v]

V(Qa, ap, 15 kg, 90) = <’C7(»B) + ’Cy(»v)> (das _Qb)‘

+ 2/dD2k2 dys |B(Qa, ab. ks, k2)|* 0(Ry2 — Ro) @ (5.3)
(B) 4 k) g
V(a1 @ik ) = (K7 +K0) (a0 -a)|
D—2 2 [2]
+ [ d” ks dy2 | B(qa, ap, ks — ka2, ko)|” O(Ro — R12)‘(b)
[=]
+2 [ 47 dye Blaw ko k) OB~ Ro)| . (54)
In these two expressions we have introduced the notation
i @) ()
) =0 (qu +ap —kj) 6(n — '), (5.5)
[v]
B C A e A I AR (5.6)
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[z]

(a,b)
(=]

(c)

— 6@ (qu + a5 — k)0 (m . xg‘“”)) 5 (mQ _ mg‘”’)> : (5.7)

=6 (qu+aqp — ks —kg) 6 (561 - x§0)> 0 <x2 - x;c)) . (5.8)

The various jet configurations demand different y and x configurations. These are related
to the properties of the produced jet in different ways depending on the origin of the jet: if
only one gluon was produced in MRK this corresponds to the configuration (a) in the table
below, if two particles in QMRK form a jet then we have the case (b), and finally case (c)
if the jet is produced out of one of the partons in QMRK. The factor of 2 in the last term
of eq. (5.J) and eq. (F.4) accounts for the possibility that either emitted particle can form
the jet. Just by kinematics we get the explicit expressions for the different x configurations
listed in the following table:

JET | y configurations x configurations
a) }7 y(a) =YJ xﬁa) = \k_\/.gley; Cﬂga) = |k—‘;‘e_y-’
b) _ 0 _ v 0) _ VS -
b) }<} y()_yJ() Ty _WeyJ ) _We YJ
) K y© =11n ig> 2\ = |k_\/g‘ey.7 4 'k—jg‘eyz B L

The variable ¥ is defined below in eq. (p.16). Due to the analogue treatment of the emission
vertex either expressed in terms of rapidities or longitudinal momentum fractions in the
remaining of this section we will imply the same analysis for both. In particular, we will
not explicitly mention these arguments when we come to eqgs. (.26, 5.27).

The introduction of the jet definition divides the phase space into different sectors. It
is now needed to show that the final result is indeed free of any infrared divergences. In
the following we proceed to independently calculate several contributions to the kernel to
be able, in this way, to study its singularity structure.

The NLO virtual correction to the one-gluon emission kernel, KX(), was originally
calculated in ref. [[]-[. Its expression reads

~4  —2€ 2\ € 2
g 4 A 1 =«
K —qp) = —H 1o 4+ _92¢((3
r (G —a) Tl (1 —€) A2 12 €2 + 2 «((3)
1 3A?2 2 2
Pty 2o (%) e (%)
Nee  qz—qj q; q;

n < _ﬂ) [ A’ <1_ A2(Q§+q§—4qaqb)>ln (q_3>
Ne) |2 -} 3(a2 — q3)? qa;

A? At (q? +q})

— ——(q —a)* +
6q2q2 " 69293 (q2 — q7)?

(a2 + g — 4QaQb)} } (5.9)

with By = (11N — 2ny)/3, ((n) = > po k™™ and A = qq + qp. gy can be expressed in
terms of the renormalized coupling constant g, in the MS renormalization scheme by the
relation gi = gi N.T(1—¢) (4n)~27¢. Note that the expression for the virtual contribution
given in [[] lacks the log squared.
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Those pieces related to two—gluon production in QMRK can be rewritten in terms of

their corresponding matrix elements as

KoMmRrk (e, —qp) = /dDsz/dyZ | A2y (Qa, ab, k1, k2)|* (5 — 512)

2, —2en2 D—2
Gk~ T Ng / d” " “ko /
= dys A 0 — 5.10
m(2m)PHq2q? | p2e(2m)P—4 2 Aghuons 051 = $12), (5.10)

and those related to quark—antiquark production are
Kog(da, —a) = [ d” ks [ dyz [Asy( ki, ko)
QQ a» b 2 y2 2q qa; qb; 1,182

B QZM_QENCQ / de2k2
m(2m)PHaap ) pPe(2m)P

/dyg Aquarks- (511)

~

We have calculated the corresponding amplitudes, using the Mandelstam invariants §, ¢,

and 4, and our results are

1 1 q2q} 1<1—m1 x 1> 1

w1\ g T oea) T ek

1 1 1 1-— 1 /X
S () G
s t u T 1—=x s
1 1
k3

Agluons = ngg{ -

2.2
ny | qz9; 1 1 11—z, x 9
A = —<¢ —1(2 - — = ki — k
quarks 4Nc{ B < +<t i T 1 1— 7 2
2

_ <<k1 —a0)* (ks — q0)® — k%k%>2
ti
+1 (k2 - qa)2 - ﬁk% + E (kl - CIa)Q - 1_T$k% _ E
2 U s t 5
2
+ ny (kl - qa)Q(kQ - qa)2 — k%k% o ngg (5 13)
AN3 ta to | '

These expressions are in agreement with the corresponding ones obtained in ref. [i]. The
following notation has been used:
[k

SR i E— 5.14
Tl + kol (5.14)

X
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A= (1 — x)kl - CEkQ, (515)
Y =5+A%7 = ——— + A% (5.16)

— 2z
(1 —x)
— 2z(1 —z) (22 — 1)A? + 2AA)

E =22z —1)q® +4Aq, + A?

q?
2(1—2)A% + A2

(5.17)

We now study those terms which contribute to generate soft and collinear divergences after
integration over the two—particle phase space. They should be able to cancel the € poles of
the virtual contributions in eq. (.9), i.e.

-4, —2¢ 2\ €
(v)  Gukt 4 A Bo 1
e [N G R

Here we identify those pieces responsible for the generation of these poles.

One of the divergent regions is defined by the two emissions with momenta k; =
a1pA+ Bipp + k1L and ko = aspa + Gopp + ko1 becoming collinear. This means that, for a
real parameter A k1= Nko,de. k1 = Mko, a1 = Ao and thus ask; | —agks ~ 0. Since

T = this is equivalent to the condition A ~ 0. In the collinear region § = Aj
1+a = z(1—a)
tends to zero and the dominant contributions which are purely collinear are
2.2 2
singular 9,9}, 2 D-2F A A
=— - 5.19
gluons collinear X S + 16 §2 (1) * (2) ( )
singular _ nyg qzqg . ng E2 (5 20)
quarks collinear 2Nc 83 8Nc 527 '

The quark—antiquark production does not generate divergences when k;y or kg become soft,
therefore we have that the only purely soft divergence is

singular
gluons

2 o 1 dig; L
= — = —— | =A A 24y, 5.21
o~ B2% | 712 T 11 @ A = 24w (5.21)
where we have used the property that, in the soft limit, the ¢4 product tends to ngg. We
will see that these terms will be responsible for simple poles in €. The double poles will be
generated by the regions with simultaneous soft and collinear divergences. They are only
present in the gluon—gluon production case and can be written as

singular _ ngg - i + Li
gluons soft&collinear 48 x k% 1—=z k2
qaqb 1 1 9 T k 1 —z k% 1
Lt I | =15 e
455 [q <(1_x)t+m>+qa<[ * k2 it + r K

= A(5) + A(@) (5.22)

Focusing on the divergent structure it turns out that in the soft and collinear region the
first line of eq. (b.22), A(s), has exactly the same limit as the second line, Ag). This is
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very convenient since we can then simply write

2.2
9,9, 11—z 1 x 1
- - — | =24 5.23
soft&collinear 28 ( T k% + 1—2x k% (5) ( )

singular
gluons

The MRK contribution of eq. (5.9) has the form Ayrx = —4A(4) and when added to all
the other singular terms we get the expression

/ P21, / dy2 |Bs(qa, Qb ko, k1)|? =

2, —2 2 D—2
Gub~ “N¢ dP—2ky eul Ceul
7T(27T)D+1q2qg/u25(2ﬂ-)D—4 dya {Azllii?lsare(sf\—sm)+A§;§§ﬁ<§r}7 (5.24)
a
with

singular . singular __
Agluons Q(SA 812) +Aquarks -

G2 D-2E  qq; | gy (l-zl @ 1 O(sa — s12)
Y 3 16 52 2kik3 25 v kg 1-elg
Ghlon‘colll Ghlon‘collg Gthn‘soft Gluon|soft&coll
2.2 2
ny q,q; ny B
| B . 5.25
TONTEsY  BNB B o
—_— =

Quark‘colll Quark\m“Q

We have labeled the different terms to study how each of them produces the € poles. We
will do this in section [g.

With the singularity structure well identified we now come back to eqgs. (5.3, p.4) and
show how they are free of any divergences. Only if the divergent terms belong to the same
configuration this cancellation can be shown analytically. With this in mind we add the

singular parts of the two particle production of eq. (f.24) in the configuration (a) multiplied
by 0=1-— 9(R0 — ng) — 9(R12 — Ro):

V= [(lc,ﬂf" - K&”)) (da, —ap)

+/dD2k2 dy2 |Bs(da, ap, k. — k27k2)’2}

(a)
+ /dD_2k2 dys [ 1B(qa, ap, ky — ko, ko)|* ‘(b)

Bl — b k)| [0~ 1)

+ |:2/dD2k2 Ay |B(aa; ap, k7, ko) > (R 2 — Ro)

(c)
—/dD_2k2 dys |Bs(da, ap, k — k2, ka)[* 0(R12 — Ro) :

GJ. (5.26)

The cancellation of divergences within the first two lines is now the same as in the
calculation of the full NLO kernel. In section [f we will show how the first two lines of
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eq. (b.26) are free of any singularities in the form of € poles. In doing so we will go into the
details of the role of sy. The third and fourth lines are also explicitly free of divergences
since these have been subtracted out. The sixth line has a k; <> ko symmetry which allows
us to write

V= [(lc,ﬁf" - K&”)) (da, —ap)

+/dD_2k2 dy2 |Bs(da, ap, k. — k27k2)’2}

(a)
+ /dD_2k2 d?/2 |: |B(qaaqbakJ - k2,k2)|2 ‘(b)

B des — k)| [0~ 1)

+ 2/dD2k2 dys [ 1B(qa, ap, ks, ko) | O(R2 — Ro) (

<)

— |Bs(da, ap, ky — ko, ka)[* 0(R12 — Ro)0(|ky| — |k2|)‘(a)} (5.27)

We can now see that the remaining possible divergent regions of the last line are regulated
by the cone radius Ryp.

It is worth noting that, apart from an overall a2(u?) factor, the NLO terms in the last
four lines in eq. (5.27) do not carry any renormalization scale dependence since they are
finite when € is set to zero. The situation is different for the first two lines since V contains
a logarithm of ;2 in the form

B O‘S(NQ) Bo k?}
V=W )<1— = Eln? + AV, (5.28)

where AV contains the third to sixth lines and the p—independent part of the first two
lines of (5.27). It is then natural to absorb this term in a redefinition of the running of the
coupling and replace a(p?) by as(k%). For a explicit derivation of this term we refer the
reader to section [f.

Therefore we now have a finite expression for the jet vertex suitable for numerical
integration. This numerical analysis will be performed elsewhere since here we are mainly
concerned with the formal introduction of the jet definition and the correct separation of
the different contributions to the kernel.

What remains to be proven is the cancellation of divergences between eq. (p.1§) and
eq. (b.24). This will be performed in section [f. Before doing so, in the next two subsections,
we indicate how to introduce our vertex in the definition of the differential cross section.
Especial care must be taken in the treatment of the energy scale in the Reggeized gluon
propagators since in the symmetric case it is directly related to the rapidity difference
between subsequent emissions, as we will show in the next subsection, but in the asymmetric
case of hadron—hadron collisions it depends on the longitudinal momentum fractions of the
t—channel Reggeons.
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MRK:  p% ~p% ~ I ~ K> Adep, Y4 =% > 01> > Un > Yt = Up

w
ba > kg = sro _osoa ) ew(yo—y1)
aiy . ) P
—— kl = SRl
QY ( 51,2 ) = ew(y1—y2)
4’;1{ = SR;2 SRLZ* k?k2
\
w
' e k? SR,] 1 ( . s Y R ) — ew(yjfl—y]—)
q;7 9 srij-1,j=/k]_ Kk
I k] 9R,] o
Q+1y ( — sigw ) — @' (Uj—Yj+1)
kH'l SR;j+1 5Rijj+1=4/K ] J+1
y C..
. — k2 =S s o !
any n—1 Rin—1 ( n— 1n : ) — ¥ (Yn—1—Yn)
n k2 = sn, SRin—1,n= ka
n ’
Ant1y s ) — oW (Yn—Yn+1)
PB P k2 | =Spmn+i1 SRinm 1= /KK
B

Figure 4: Momenta for 2 — 2+ (n — 1)+ jet amplitude in the symmetric configuration with MRK.
The produced jet has rapidity y; = y; and transverse momentum k; = k;.

5.2 Production of jets in v*v* scattering

We now have all the ingredients required to describe the inclusive single jet production in a
symmetric process at NLO. To be definite, we consider v*v* scattering with the virtualities
of the two photons being large and of the same order. All we need is to take eq. (f.6) for
the differential cross section as a function of the transverse momentum and rapidity of the
jet. The vertex V to be used is that of eq. (5.27) in the representation based on rapidity
variables of eq. (5.J). The rapidities of the emitted particles are the natural variables
to characterize the partonic evolution and s—channel production since we assume that all
transverse momenta are of the same order.
Let us note that the rapidity difference between two emissions can be written as

Yi = Yiv1 = In 7&2”;
\/ k; kz+1

which supports the choice sg.; i1 = ,/k?k? 1 in eq. (B). This is also technically more

(5.29)

convenient since it simplifies the final expression for the cross section in eq. (B.11)).

In figure [] we illustrate the different scales participating in the scattering and the
variables of evolution. We write down the conditions for MRK: all transverse momenta are
of similar size and much larger than the confining scale, the rapidities are strongly ordered
in the evolution from one external particle to the other. At each stage of the evolution
the propagation of the Reggeized gluons, which generates rapidity gaps, takes place be-
tween two real emissions. There are many configurations contributing to the differential
cross section, each of them with a different weight. Eq. ([£.§) represents the sum of these
production processes.
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ki—ordered MRK:
A2QCD ~p%<<k%<<...<<k?_] <<k]2- (Jet) k?>>k?+] >>k?l>>p3}NA%QCD
Yi=YDY1> .- DYj—1 DY D Yj1 " > Yn > Ynt1 = Yp

To impact factor
To kernel

)

—~
Al

2 _ 5 2\ 5
paA kO = SR;0 ( S0,1 2)‘*’ :ew(yo—yl) )2 ((%)2
a1 9 Sr;0,1=k7 up \K1/ down 2\ %
ki = sp; w w (—1)
? s w K2\ 2 2\ % qz
9 1.2 2) — e"-’(f‘/l*yZ) (%) (l%)
ki = sp;p2 sr1,2=k3 a5/ up \K3/ down ..
To emission vertex
2 g w 2 \¥ ()% N
kj—l TSR\ _Simni ) — ew(yi-1-y;) ki1 9 ,
SR;j—1,;=k2 q?2 k2 o2, w
k2 = SR;j ' | ! ! up, 7/ down ! q]2_ 2 q12'+1 2
/ 7 y W ) k2, \ T : \5f\K i
K2 s 8,41 = @' (Wi—yj41) [ Sgt1 D1 7 7
> = » P - 2 2
J+1 Rij+1 "\ sryjj+1=K; 11/ gown i Jup
/
w' w' “-
kn—l = SR;n—1 Sn—1,n § _ (,w’(yn—1—yn) (%) 2 gl% 2
K= ) SRin—1,n=K;, _y Ar /down \ Kn_1 up
n — SRn , w' w'
2 2
Qn+1 K2 )( Smntl )“’ — o' (Un—yn+1) k;+1 2 Qng—l 2
pB n+1 = SRn+1 \ SR;n,n+1=k2 %1 ) down \ Kn

Pp

Figure 5: Momenta for 2 — 2 4+ (n — 1) + jet amplitude in the asymmetric configuration with
ki—ordered MRK.

5.3 The unintegrated gluon density and jet production in hadron—hadron col-
lisions

In this subsection we now turn to the case of hadron collisions where MRK has to be neces-
sarily modified to include some evolution in the transverse momenta, since the momentum
of the jet will be much larger than the typical transverse scale associated to the hadron.

In the LO case we have already explained that, in order to move from the symmetric
case to the asymmetric one, it is needed to change the energy scale from eq. ([.9) to
eq. (@.14). This is equivalent to changing the description of the evolution in terms of
rapidity differences between emissions to longitudinal momentum fractions of the Reggeized
gluons in the t—channel. Whereas in LO this change of scales has no consequences, in NLO
accuracy it leads to modifications, not only of the jet emission vertex but also of the
evolution kernels above and below the jet vertex. These new definitions will allow the cross
section still to be written in a factorizable way and the evolution of the gluon Green’s
function still to be described by an integral equation.

To understand this in detail we start by writing the solution to the NLO BFKL equation
iteratively, i.e.

oo [j—1
/koafw(kaaqa) = %Z [H/quiiK(qi,qurl)] 9 (5'30)
7j=1 Li=1

where q1 = k, and q; = q4. We now focus on one side of the evolution towards the hard
scale since the other side is similar and use figure [] as a graphical reference. Starting with
the symmetric case the differential cross section for jet production contains the following
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evolution between particle A and the jet:

d2 d2 a 0«
d2k de J / / 2 k2

dw SAJ
<[ s tnan) | 2= | Vawaikiu) .. (531
T k2k2
aJ
In the asymmetric situation where k% >> k2 the scale y/k2k?% should be replaced by
k?]. In order to do so we rewrite the term related to the choice of energy scale. To be

consistent with figure | we take k; =k, kg = —k, = —q1 and q; = q,. To start with it
is convenient to introduce a chain of scale changes in every kernel:

w .
J 2 % w
SAJ _ H< k; ) ] <3AJ> (5.32)
- 2 2 ) :
A /kgk?] L:l ki*l kJ

which can alternatively be written in terms of the t—channel momenta as

“ j—1 2 % 2\ 5 w
SAJ q; k 2 (sAg

- H< ;1> <_g) <k—2> ) (5.33)
\/k2k? i1\ % qa J

For completeness note that we are indeed changing the variable of evolution from a differ-

ence in rapidity:
SAJ
\/ K2k

to the inverse of the longitudinal momentum fraction, i.e.

= eYa~w (5.34)

SAJ 1
—_— = —. 5.35
k?] g ( )

This shift in scales translates into the following expression for the cross section:
do / dw i H / Pq; Pa(a1)
d?k ydy ; 27t w il 2rq?
Eit q2+1 B 1 k2 2 saz\”
<11 ( ~ ) —K(qi, gi+1) (q—j) V(das avi k7, y) (k—2> (5.36)
i=1 J

€

q; a

As we mentioned above these changes can be absorbed at NLO in the kernels and impact
factors, we just need to perturbatively expand the integrand. The impact factors get one
single contribution, as can be seen in figure [, and they explicitly change as

1 (I)(B) 2
D (k) = (k) - 5ko / d’q qg(q)lC(B)(q, ka)ln%- (5.37)

a
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The kernels in the evolution receive a double contribution from the different energy scale
choices of both the incoming and outgoing Reggeons (see figure [f). This amounts to the

following correction:

- 1 2
’C(Qh(h) = ’C(CI17C12) ) /d2q/C(B) (Ch,Q) KB (q7 QQ)IH % (5-38)
2

There is a different type of term in the case of the emission vertex where the jet is defined.
This correction has also two contributions originated at the two different evolution chains
from the hadrons A and B. Its expression is

~ 1 2
V as = V as ) /d2 ’C(B) as V(B) ’ 11’1 T \2
(da> qp) (Qa @) = 3 q K7 (qe, 9)V" (9, ap) CErAE
1 2
—§/d2qV(B)(Qa7CI) ’C(B)(OL qp) In W (5.39)

These are all the modifications we need to be able to write our differential cross section
for the asymmetric case. The final expression is

d2 d2 a (1
kodeJ / / 2 k2

X/Q—mfw(kaaqa) (k—2J> V(Qa7CIb§kJayJ)--- (540)

As in the LO case, we can use eq. (5.35) to define the NLO unintegrated gluon density as

g(:c,k):/dQ L )/j—;fw(k,q)x_“. (5.41)

2mq?

The gluon Green’s function f,, is the solution to a new BFKL equation with the modified
kernel of eq. (5.3§) which includes the energy shift at NLO, i.e.

oFullaa) =0 (ka = @) + [ aR(ina) fala,an) (5.42)
In this way the unintegrated gluon distribution follows the evolution equation

agl(nic/l;) - /d2q’E(qa,q)g(x,q)- (5.43)

Finally, taking into account the evolution from the other hadron, the differential cross

section reads

do

d2 a as Ha ’ V as 7k ) 5.44
2k ydy; / q/ A 9(Ta; Aa) 9(Tp, Ab) V(das Ab; K7, 1), (5.44)

with the emission vertex taken from eq. (f.39).

We would like to indicate that with the prescription derived in this subsection we

managed to express the new kernels, emission vertex and impact factors as functions of
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their incoming momenta only. It is also worth mentioning that the proton impact factor

contains non—perturbative physics which can only be modeled by, e.g.

P1 P2 q2 "
®p(q) ~ (1 —x)P'x <q2 +Q%> , (5.45)
where p; are positive free parameters, with Q% representing a momentum scale of the
order of the confinement scale. The initial x dependence in this expression would be of
non—perturbative origin.

Let us also point out that the prescription to modify the kernel as in eq. (p.3§) was
originally suggested in the first paper of ref. [P in the context of deep inelastic scattering.
This new kernel can be considered as the first term in an all orders perturbative expansion
due to the change of scale. When all terms are included the kernel acquires improved
convergence properties and matches collinear evolution. Details of this procedure can be
found in ref. [[L1]], where the collinear resummation was done in Mellin space. In a future
publication we intend to investigate how these corrections can be phrased in momentum
space, and how they affect the behaviour of the unintegrated gluon distribution. For
this we will use the procedure developed in ref. [[3] where the resummation to all orders
corresponding to the energy shift was proven to be equivalent to a Bessel function of the
first kind with argument depending on the strong coupling and a double logarithm of the
ratio of transverse scales.

6. Cancellation of divergences and a closer look at the separation between
MRK and QMRK

During the calculation of a NLO BFKL cross section, both at a fully inclusive level and
at a more exclusive one, there is a need to separate the contributions from MRK and
QMRK. In order to do so we have followed ref. [f] and introduced the parameter s, in
eq. (B-8) and eq. (B.7). In principle, at NLO accuracy, our final results should not depend
on this extra scale. In fact, as we have remarked earlier in our discussion of the total
cross section (after eq. (B.14)), we could have taken the limit sy — oo: the logarithms
of sp cancel, and the corrections to the finite pieces die away as (9(57\1). In the context
of the inclusive cross section, however, we prefer to treat s) as a physical parameter: it
separates MRK from QMRK and, hence, cannot be arbitrarily large. We will therefore
retain the dependence upon sp: in the remainder of this section we demonstrate that, in
our inclusive cross section, all logarithmic terms cancel (analogous to eq. (B.14)), and we
will then leave the study of the corrections of the order O(sy') for a numerical analysis. It
will also be interesting to see how this dependence on sp could be related to the rapidity
veto introduced in ref. [LJ].

Let us consider the sy dependent terms in eq. (p.24) which are only present in the

gluon piece:

2, —2enr2\ L
Gl Ng B
(W) /dD 2k2/dy2 |Bs(qa,qb,k2ak1)|2

SA
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singular

o / dD72k2 /dy gluOHS 9(3 s ) is (6 1)
= . - 2 A= S12) = i :
p2e(2m) P-4 q2q; i=1

where we have used the numbering (I, II, I1I, IV) corresponding to, respectively,
(Gluon‘collp Gluon’collm Gluon‘sofﬁ Ghlon‘soft&coll) in €q. ()

To calculate each of the S; terms we start by transforming the rapidity integral into an
integral over z in the form [dAy = [ %. We consider sy much larger than any of the
typical transverse momenta. In the limit of large sj the theta function 6(sy — §) amounts

2 2
to the limits l;—; +0 (37\2) and 1 — }:—i + 0O (SXQ) for the x integral.
We firstly consider Syy; which is

2
1,k_2

dP—2k, sAa o dx 1 -1 1 T(1-el(e)?
_/ p2e(2m)P—4 /g (1 —x)2K2k2  (4m)f A2 T(2)

s 2\
X <ln A_A2 + (1 —€) —1(e) +(2€) — 1/1(1)) <%> +0 (). (6.2)

We are only interested in the logarithmic dependence on sy and hence we do not need to
calculate O (sxl) or sp independent factors.
The next s contribution we calculate is Sy, which reads

2
1,};2

/ dP2k, / SA dz (1—2x)2 n 2
p2e(2m)P=4 Ja-k)? (1 —x) \Kk3(ka — (1 —2)A)2  k3(ks — zA)?
SA

_/ dP—2k, [ 2 sa 2(A —ko)ks
- (

In = +
pPe2m) P4 | (A —ko)?k3 k3 (A —ko)2k2\/K2A2 — (Aky)?

A(A — k2) Aks
X | arctan -+ arctan
Vk3AZ — (Ak,)? Vk3AZ — (Ak,)?

+0(s3"). (6.3)

The part with logarithmic sy dependence can be calculated analytically:

/ dP 2k, 1 SA T LI’(l—e)I‘(e)2

In—= =

22nD (A —ko)?kl K2 (4m)F A2 T(2¢)
S 2\ €
(g +v-9g v +eed-vw) () . 6

It is then clear that this logarithmic s contribution cancels against that of Sy; in eq. (B.9).

Let us proceed now to show that the contribution of St is directly of O (sxl) and does
not contribute with any logarithm of sj. In the relevant integral we introduce the change
of variable ks — A = (1 — ) A — ko and obtain

/ % / x(ldf z) <A2<A§ i(llex—)zm?)) -

2
9l (1 L AT A?(A2+4A2)>

/ dP—2A 1 2A2
p2(2m)P—1 | A2A2 A2\/A2(A? + 1A?)

+0(sy"). (6.5
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We do not write here the lengthier but similar expression which corresponds to Sy and
also only contributes to O (57\1).

With this we have shown that the sum of different terms in eq. (B.]) is free of logarith-
mic dependences on sy proving, in this way, that the remaining O (sxl) corrections vanish
at large values of sp. In particular, it is possible to take the sy — oo limit in order to
completely eliminate the dependence on this scale. This is convenient in the fully inclusive
case where it is very useful to write a Mellin transform in the k7 dependence of the NLO
BFKL kernel.

If we perform this sy — oo limit then S;;r and Sy can be put together and their sum

St S _/1 dx / dP—2k, i 1—x+ T 1
frely = o o(l—1x) ,u2€(27TD 4128 \ 2ki  (1-2)k2 2k?k?2

_/1 dzx dP =%k, (1—m)?
) 2m(1—x) p2e(2m)P—4 | k32 k2— 1—x)A)2

is

1
* k%(kl - xA) KA - k2)2]
™ — )2 € 2\ €
:é(%)e r(ler(ir+(21€)+ ) (l +20(1) _2¢(1+26)> (%) . (6.6)

€

Regarding Sy the integration gives us

Sp = -2 /01 x(ldf ) / sz(l;;)gzl [A2(A§iflx(_1x_)2x)A2)}
L de T z(l—z — (o) (z(1—z)A%\*
N _2/0 :U(ld— ) [(477)6 (1Az )F(;(l 4')1;)( | ( - '“2)A ) ]

2 7 T(1—-el(1+e¢)? (A%
T TAIUn)y a2+ 20) (ﬁ) ' (6.7)

The contribution from Syj is more complicated and the relevant integral can be obtained
in the following way:

/ dP2A E? / dP2A 2%(1 — 2)%E?
pe(2m)P=48q2qzs? ) p(2m)P1 8qZqiAl
:/ dP—2A [ 22(1 — 2)%(27 — 1)2 A2
p2e(2m)P=4 | 2q2 A%(z(1 — z) A% + A?)
23(1—2)3(2z — 1)2A%q2 241 —2)*(27 — 1)2A%2
@AY (z(1 —2)A2+ A%)  2q]A%(z(1 — 2) A2 + A2)?
423(1 — 2)3(AA)(Aqy) 224 (1 — 2)*(AA)2 2
_quz(x(l —2)A2+ A2)  qIA%(z(1 —z)(A% + A?)?
7 T@2-ol(e) (#(1—2)A2) ' [ 1 22(1 - 2)2(2z — 1)2A2

- (4m)e T (1+e) pe 1—e¢ q?
1 221 —-2)%(2z - 1)%q2  2—e2?(1 — )22 — 1)%q2
1—e¢ qg 1—e¢ 2qg
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2 23(1 -2)2Aqq 1 23(1—2)3q¢? (6.9)
1—¢2 q? 1+e q; ’
We now need to integrate it over x to obtain:
1 7 7(14+eT(24¢) (A%
S =55 .( I ) — (6.10)
A2 (4m)€ sin(me)l'(4 + 2€) \ p

This result gives the same poles in € as the result given in [, but differs for the finite

contribution. To obtain all the € poles we now also include the quark contributions present
in eq. (5.24). We denote them as

singular

dD72k2 A uarks

where the correspondence with eq. (p.25) is (V,VI) — (Quark|con, , Quark|con,). Adding

everything up the sum of all the terms reads

VI .
L rl(1—¢) (A7 1 Bl Sng b’

T A2 (4 \ 2 — oo T . 12

@;SZ Az (4m)c <,U2> [62 2N, e+ 8 9N, 6 +0(e) (6.12)

The final expression for eq. (f.24) is then

/dDQkZ/d% |Bs(da, ap kg — ko, ko)|? =

=4, —2¢ 2 2
ghn 4 (K3\[2 Bl 67 10n; 57
S0 20 T 2T L o). (6.13
e T ( 2) [ + +0(e)|. (6.13)

When we combine this result with the singular terms of eq. (5.9) then we explicitly prove the
cancellation of any singularity in our subtraction procedure to introduce the jet definition.
The finite remainder reads

d?;ﬁ)ki?[ 46‘3 J+i<4_2 2+5]@>} (6.14)
J (&

We have already discussed the logarithmic term due to the running of the coupling in
eq. (5.28). The non-logarithmic part is similar to that present in other calculations involv-
ing soft gluon resummations [I4] where terms of the form

a, (1+Say) (6.15)

appear and offer the possibility to change from the MS renormalization scheme to the
so—called gluon—bremsstrahlung (GB) scheme by shifting the position of the Landau pole,
ie.

Acp = Ajgexp (SQéVc) (6.16)
0
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The factor S differs from ours in the 72 term:

(42 sP
S=1 (4 ™ +5Nc>. (6.17)

The origin of this discrepancy lies in the fact that we used the simplest form of subtraction
procedure. In the appendix we suggest a different subtraction term which is more compli-
cated in the sense that it substracts a larger portion of the matrix element in addition to
the infrared divergent pieces. When this is done and we put together the divergent pieces
of eq. (F.9) and the second line of eq. ([A.15) then we recover the same S term.

7. Conclusions

In this paper we have extended the NLO BFKL calculations to derive a NLO jet production
vertex in kp—factorization. Our procedure was to ‘deconstruct’ the NLO BFKL kernel to
introduce a jet definition at NLO in a consistent way. After a careful study of the different
energy scales and contributions to the kernel we were able to show the infrared finiteness of
this jet vertex and its dependence on the scale s, which separates MRK from QMRK. As
the central result of this paper, we have defined the jet production vertex (5.27) in terms of
longitudinal momentum fractions, and we have explicitly given the necessary subtraction,
both at the matrix element level (f.25) as well as integrated over the corresponding phase
space (.13). Our calculations also suggest that the natural scale for the running of the
coupling at the jet vertex is the square of the transverse momentum of the jet (b.2§).
We have shown how this vertex can be used in the context of v*v* or hadron-hadron
scattering (.44) to calculate inclusive single jet cross sections. For this purpose we have
formulated, on the basis of the NLO BFKL equation, a NLO unintegrated gluon density
valid in the small-z regime.

In our analysis we have been careful to retain the dependence upon the energy scale sp
which appears at NLO accuracy and separates multi-Regge kinematics from quasi—multi—
Regge kinematics. In the NLO calculation of the total cross section, one may be tempted
to take the limit sy — oo, thus disregarding the 1/sj corrections to the NLO BFKL
kernel. However, when discussing inclusive (multi-) jet production one has to remember
that sy has a concrete physical meaning: it denotes the lower cutoff of rapidity gaps and
thus directly enters the rapidity distribution of multi—jet final states. In a self—consistent
description then also the evolution of the unintegrated gluon density has to depend upon
this scale.

Hence we are well prepared for our next step, the numerical study of single or multi-
ple jet production in hadron—hadron collisions at the LHC. One issue to be covered will
be the question of handling the running of coupling. Further applications of our NLO
kp—formalism include W and Z as well as heavy flavor production in the small-x region.
Compared to the results presented in this paper, these applications require the calculation
of further production vertices; however, for the treatment of the different scales and of the
unintegrated gluon density all basic ingredients have been collected in this paper.
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A. Alternative subtraction term

In this appendix we present an alternative subtraction term which does not make use of
the simplifications A 3) + Ay — 244y and A5y + Ag) — 245 which we used in egs. (5.21],
F-23). These limits are valid in the kinematic regions leading to IR-divergences and hence
they do provide the correct € poles. However, they also alter the finite terms. Here we
want to study also this finite part as accurately as possible and hence we do not take these

limits but use the complete sum
Ay +Ap) +A@) + Ay +Ap) T 46 + Avrk (A1)

as the gluonic subtraction term.

The full gluonic matrix element written in eq. (5.19) contains spurious UV-divergences
which are cancelled when combined with the MRK contribution. One fourth of the MRK
contribution cancels the UV-divergence of Ay while another fourth cancels that of A).
The remaining half cancels the UV—divergence of two terms present in eq. (p.19):

2,2

o quqy (1—-x2 1 z 1
Ay = — LB L A2
™ 4 ( x k%t—i_l—xk%ﬁ (4.2)

2.2

_quq; (1—-x 1 z 1
A = — — A3
®) =4y ( T KB 1oz (A-3)

which are IR—finite and hence so far not included in the subtraction term.

By doubling A4 and A(s) in the subtraction term constructed in eq. (.25) also their
spurious UV—divergences are doubled and thus completely cancelled by the MRK contri-
bution. But eq. (A.1]) so far only contains half of the spurious UV-divergences of the full
matrix element in such a way that half of the MRK contribution is not compensated. There-
fore a subtraction term based on eq. (JA.T) which is also free from spurious UV-divergences
should also include A7) and Ag) and reads

Aine™ = Ay + Agg) + Ay + Ay + Ag) + Ag) + Anirk + Ay + Agg)

gluons

AMRK
= A T Ae) +Ap + (Ap) —Aw) + 4 + 5 T Am +Ag- (A4

If we now define Sz 6.7,8) and Smrk as we did in eq. (b)) we get a new integrated subtrac-
tion term from the previous eq. (6.13) by replacing

1 7l(1—¢€) (A%2\“[1 b5x?
SIH—FSIVZEW <?> [6—2—?4‘0(6) (A.5)
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with
1 S
B (St + S1v) + Sy + Sy + % + 87y + S)- (A.6)

The results for S(3) and S(g) can be easily obtained from egs. (C.43) and (C.40) of ref. [

1 wr 1—e¢ 2
S(3) = ( [262

%% 71 odg

1
A? ) At 12ty o
+ qaqb 1 Q_Z> qaqb )
A2%(q, — o q% qa +q3)
o 2
. q, qp (A(qa - qb))
— Li + Lip | ——2 1-—
’ < qb> 2 3 } < A%(qq — aqp)?
dz————5+0(e) |, AT
(- > ) o0 a
1 (1 — 6) A2

Due to the UV—singularity of Ayrk we regularize the x integration by a cutoff § to obtain

Sur /15 dz /dD—2k2 1
T T s 2 —2) ) k2 (@m)P KA — ko)?

(
1 7l(1—¢) [ AZ\ T?(¢) o
~ i () T o

Making use of 2q,k1 — q2 = ¢ + k?/x we can decompose eq. (C.41) of ref. [[§] into one
integration very similar to that of Syirkx and another one which can be transformed to give
S)-

In— —— ——1n

1 al(1—¢) (A2\[ 1T%(), & 1 1. aaq;
SO =az ume \2) |~

A2 (47)e w2 2T(2¢) 1—-0 22 2 At
_—12q“+—+0() (A.10)
4 qb 12

The two parts forming A(g) can be obtained from each other by the exchange k1 < ko and
we only need to double the calculation of one:

=0 g dP—2k, T 1
S =2 /5 z(1— ) / 2€(2m)P=14(1 — ) K2 (A.11)
_2/1—6 dx / de2k1
s a(l—a) ) pe(2m)PA
1 2
1 i (A.12)

¢
il (I - 2AR + 60 - 22A2 + 21 - 0)A2}”
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1al(l—€) 1 [(AZ\° [0 1
RO E(F) /5 dvy—5Bale9) (4.13)

1 aT(1—e) (A [ 1T%(e) 1 7
o () [arag e aem oW @

When we add up these new contributions the spurious UV-divergences indeed cancel and

we can safely take the § — 0 limit. Furthermore, the new subtraction term has the same

(=

pole structure and only different finite parts when compared to that in eq. (p.29) and

its integrated form in eq. (6.13). To complete the calculation we combine it with the

corresponding unmodified quark part and obtain

2
BS(qCH qp, kJ - k27 k2)

/ dP 2k, / dys

Gl 4(1{3)6{2 o1 67 10ny 4m?

(1 —e) kK2

+2qaqb(A(qa - a)) F n <q_§> . (fl?ﬁli)

A2%(qq — qp)? q? a+q})!

—Lip (—2—%) + Lig <_;1_§>
—q2q; (1 _ (AA?((ZG ) (/ / > b+zqa)> } (A.15)
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